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Abstract
We introduce Turaev bicategories and Turaev pseudofunctors. On the one hand,
they generalize the notions of Turaev categories (and Turaev functors), introduced
at the turn of the millennium and originally called “crossed group categories”
by Turaev himself, and the notions of bicategories and pseudofunctors, on the
other. For bimonads in 2-categories, which we defined in one of our previous
papers, we introduce generalized Yetter-Drinfel‘d modules in 2-categories. These
generalize to the 2-categorical setting the generalized Yetter-Drinfel‘d modules
(over afield) of Panaite and Staic, and thus also in particular the anti Yetter-Drinfel‘d
modules, introduced by Hajac-Khalkhali-Rangipour-Sommerhauser as coefficients
for the cyclic cohomology of Hopf algebras, defined by Connes andMoscovici. We
construct Turaev 2-category for bimonads in 2-categories as a Turaev extension of
the 2-category of bimonads. This Turaev 2-categorygeneralizes theTuraev category
of generalized Yetter-Drinfel‘d modules of Panaite and Staic. We also prove in the
2-categorical setting their results on pairs in involution, which in turn go back to
modular pairs in involution of Connes and Moscovici.
Mathematics Subject Classification (2010): 16T10, 16T25, 18D05, 18D10.
Keywords: bicategories, 2-(co)monads, 2-bimonads, Yetter-Drinfel‘d modules
1 Introduction
In [19, 20] Turaev introduced 2- and respectively 3-dimensional homotopy quantum
field theory (HQFT). It is a version of a topological quantum field theory (TQFT) for
manifolds M equipped with homotopy classes of maps M −→ K(G, 1). Here K(G, 1) is
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the Eilenberg-MacLane space determined by a groupG and the latter homotopy classes
of maps classify principal G-bundles over M. For the purposes of the 3-dimensional
case Turaev introduced the notion of crossed group categories and modular crossed group
categories which yield a 3-dimensional HQFT with target K(G, 1). When the group G
is trivial, one recovers the usual construction of 3-dimensional TQFT from modular
categories.
Since their introduction crossed group categories have been studied in different al-
gebraic contexts in the works of M. Zunino, M. Lombaerde and S. Caenepeel, F. Panaite
and M.D. Staic, S. Wang, to mention some of them. In Turaev’s definition a crossed
group category is a k-additive rigid monoidal category which is a disjoint union of cat-
egories indexed by a group G and satisfies certain conditions. Zunino studied Turaev
categories in [23] generalizing Turaev’s definition to categories which are just monoidal,
skipping the additivity and rigidity condition. When the group G is trivial, one recov-
ers the definition of a monoidal category. Working in this setting, in [16] the authors
introduced generalized Yetter-Drinfel‘d modules over a Hopf algebra H and showed that
they form a braided Turaev category. The Yetter-Drinfel‘d condition in a generalized
Yetter-Drinfel‘dmodule is twisted by two elements of the group, say (α, β) with α, β ∈ G.
If α and β are trivial, one recovers the usual Yetter-Drinfel‘d condition. When α = S2
and β = idH, being S the antipode of H, one recovers the anti-Yetter-Drinfel‘d modules
introduced in [12, 13] as coefficients for the cyclic cohomology of Hopf algebras, de-
fined by Connes and Moscovici in [5]. An (idH, β)-Yetter-Drinfel‘d module appeared in
[4], where the authors constructed a group anti-homomorphism Aut(H) −→ BQ(k;H)
from the Hopf automorphism group of a finite-dimensional Hopf algebra to the quan-
tum Brauer group of H. We generalized this group anti-homomorphism to braided
monoidal categories in [10].
In [9] we introduced bimonads in 2-categories and the 2-category Bimnd(K) of
bimonads in a 2-category K . We showed that given a braided monoidal category C, a
bimonad in the induced 2-category C is a bialgebra in C and that 1-cells over the same
0-cell F in Bimnd(K) are Yetter-Drinfel‘d modules over the bialgebra F in C. Moreover,
the composition of 1-cells coincideswith the tensor product in themonoidal category of
Yetter-Drinfel‘d modules over a bialgebra F in C. This lead us to define Yetter-Drinfel‘d
modules in 2-categories. More precisely, in [7] we call the 1-cells in Bimnd(K) strong
Yetter-Drinfel‘d modules inK which imply the usual Yetter-Drinfel‘d condition.
In the current work, inspired by [16] we generalize the construction from therein
to the 2-categorical setting, obtaining “generalized strong Yetter-Drinfel‘d modules
in K”. We introduce Turaev bicategories and Turaev pseudofunctors. Turaev bicategory
generalizes the notion of a Turaev category, on one hand, and the notion of a bicategory,
on the other. Indeed, a Turaev bicategory L consists of a class of 0-cells L0 so that for
every two 0-cells A,B ∈ L0 there is a group GA,B so that the category L(A,B) =
•⋃
α∈GA,B
L(A,B)α is a disjoint union of categories L(A,B)α. The definition is such that
for every A the category L(A,A) is a Turaev category. On the other hand, if for
all A,B ∈ L0 the group GA,B is trivial, then L is a bicategory. Analogously, Turaev
pseudofunctors generalize both Turaev functors and pseudofunctors.
Under certain conditions Turaev bicategories have an underlying bicategory, in
which case the Turaev bicategory is said to be a Turaev extension of the latter. We
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construct a Turaev 2-category for bimonads inK , we denote it by BimndT(K). Indeed,
it is a Turaev extension of the 2-category Bimnd(K) of bimonads that we studied in
[7]. Its 1-cells over the same 0-cell are generalized Yetter-Drinfel‘d modules in K .
This Turaev 2-category generalizes the Turaev category of generalized Yetter-Drinfel‘d
modules from [16]: ifL is the 2-categoryVec induced by the braidedmonoidal category
of vector spaces - where the unique 0-cell is a singleton ∗ - then the category Vec(∗, ∗) is
the Turaev category of Panaite and Staic.
In our Turaev 2-category for bimonads in K for every 0-cell A there is a group
G(A) and for two 0-cells A and B the group GA,B is given by the Cartesian product
G(B)×G(A). We introduce pairs in involution corresponding topairs (α, β) ∈ G(B)×G(A),
when the groups G(B) and G(A) are isomorphic. We prove that in this case the
categories BimndT(K)(A,B)(α,β) and Bimnd(K)(A,B) are isomorphic. This generalizes
the corresponding result in [16]. Our pairs in involution are a 2-categorification of
modular pairs in involution introduced by Connes and Moscovici.
The composition of the paper is the following. In the next Section we recall the def-
inition of Turaev category and our definition of the 2-category Bimnd(K) of bimonads
in a 2-category K . In the third one we introduce transitive system of groups with projec-
tions which is a part of the data of the definition of a Turaev bicategory, and we define
Turaev bicategories and Tuarev pseudofunctors. In Section 4 we construct a transitive
system of groups for bimonads inK and a Turaev 2-category for bimonads inK . This
construction is completed in Subsection 4.3, which ends with some examples. In the
last Subsection of the paper we study pairs in involution for bimonads inK .
2 Preliminaries
We start the preliminary Section by recalling the definition of a Turaev category. We
consider the definition from [23], which slightly generates the original Turaev’s defini-
tion of a “crossed group category” from [20]. A Turaev category T over a group G is a
triple (T ,G, ϕ), where T is a monoidal category which is a disjoint union of a family of
subcategories {Tα |α ∈ G}, such that for all α, β ∈ G and X ∈ Tα,Y ∈ Tβ the tensor prod-
uct X ⊗Y ∈ Tαβ, and ϕ : G −→ Aut0(T ), β 7→ ϕβ is a group homomorphism to the group
Aut0(T ) of strict monoidal automorphism functors of T , such that ϕβ(Tα) = Tβαβ−1 , for
all α, β.
For the basics on 2-categories and 2-(co)monads we recommend [1, 3, 14, 17]. We
fix the following notation. The arrows for 2-cells we denote the same way as 1-cells,
the distinction will be clear from the context. The horizontal composition of 2-cells we
denote by × and the vertical one by ◦. Throughout K will denote a 2-category. The
identities between 2-cells in K acting on composable 1-cells we will express in string
diagrams, whose source and target objects represent the 1-cells in K . The horizontal
juxtaposition in string diagrams corresponds to the horizontal composition of 2-cells,
while the vertical juxtaposition corresponds to the vertical composition of 2-cells. This
makes the use of string diagrams natural for computations in 2-categories, as it is
for monoidal categories C. Multiplication and unit of a monad (or an algebra in C),
commultiplication and counit of a comonad (or a coalgebra in C), left action of an
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algebra and a left coaction of a coalgebra in C we write respectively:
µ = ✡✠ η = ❞ ∆ = ☛✟ ε = ❞ P ✏ .
We introduced bimonads inK and their 2-category Bimnd(K) in [9]. We will work
here with a version of the 2-category Bimnd(K) differing from the latter in 2-cells, as
we did in [7]. We recall the necessary definitions here.
A bimonad in K is a quintuple (A, F, µ, η,∆, ε, λ) where (A, F, µ, η) is a monad and
(A, F,∆, ε) is a comonad so that the following compatibility conditions hold:
F F
✍ ✌
✎ ☞
F F
=
F F✎ ☞
λ
✍ ✌
F F
,
F F
❞ ❞
=
F F
✡✠
❞
,
❞ ❞
F F
=
❞
☛✟
F F
,
❞
❞ = IdidA (1)
and the 2-cellλ : FF −→ FF is such that (F, λ) is a 1-cell both inMnd(K) and inComnd(K)
(see (2) and (3) below with F ′ = X = F). We will write shortly for a bimonad: (A, F, λ),
or just (F, λ) or (A, F).
The 2-category Bimnd(K) of bimonads in K has bimonads for 0-cells, 1-cells are
triples (X, ψ, φ) where (X, ψ) is a 1-cell in Mnd(K), (X, φ) is a 1-cell in Comnd(K),
meaning that the identities
F′ F′ X
ψ
ψ
✡✠
X F
=
F′ F′ X
✡✠
ψ
X F
;
X
❞
ψ
X F
=
X
❞
X F
(2)
X F☛✟
φ
φ
F ′ F ′ X
=
X F
φ☛✟
F ′ F ′ X
;
X F
φ
❞
X
=
X F
❞
X
(3)
hold, and moreover the compatibility
F′ X F
ψ
λ
φ
F′ X F
=
F′ X F
φ
λ′
ψ
F′ X F
(4)
is fulfilled. The 2-cells of Bimnd(K) are 2-cells both inMnd(K) andComnd(K) simulta-
neously. The composition of the 2-cells is defined in the obvious way, the identity 1-cell
on a bimonad (A, F) is given by (IdA, idF), and the identity 2-cell on a 1-cell (X, ψ, φ) is
given by idX.
3 Turaev bicategories
In this Section we define Turaev bicategories and Turaev pseudofunctors. A constitut-
ing part of the data for the former is a transitive system of groups which we introduce
first.
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3.1 Transitive system of groups with projections
Let I be an index class. By a transitive system of groups with projections over I we mean
a family of groups {GA,B |A,B ∈ I} so that for allA,B,C ∈ I the following is fulfilled:
1. there is a transitive product
∗C,B,A : GB,C × GA,B −→ GA,C
(α, β) 7→ α ∗ β
which is associative, meaning that given a fourth index D and a group GC,D the
following two compositions of maps are equal:
(GC,D × GB,C) ×GA,B
∗D,C,B×id
−→ GB,D ×GA,B
∗D,B,A
−→ GA,D
and:
GC,D × (GB,C × GA,B)
id×∗C,B,A
−→ GC,D × GA,C
∗D,C,A
−→ GA,D,
and it holds eB,B ∗ α = α = α ∗ eA,A and eB,C ∗ eA,B = eA,C for all α ∈ GA,B, here e−,−
denotes the corresponding units, and if A = B = C the transitive product ∗C,B,A
coincides with the product in GA,A;
2. there are projection group maps pi12 : GA,C −→ GB,C and pi23 : GA,C −→ GA,B yielding
piC,B,A : GA,C −→ GB,C × GA,B
ω 7→ (pi12(ω), pi23(ω)) = (ω(1), ω(1))
so that:
• the following compatibility between the products in the groups G−,− and the
transitive product holds:
ω(β ∗ α)ω−1 = (ω(1)β) ∗ (αω
−1
(2)) (5)
for all α ∈ GA,B, β ∈ GB,C and ω ∈ GA,C;
• piC,B,A is coassociative, meaning that given a fourth indexD and a group GC,D
we have for all ω ∈ GA,D:
(ω(1)(1) , ω(1)(2), ω(2)) = (ω(1), ω(2)(1) , ω(2)(2)) (6)
(we use Sweedler-type notation);
• piC,B,A is counital: ∗(id×ε)piC,B,A = idGA,C = ∗(ε × id)pi
C,B,A, here ε denotes the
trivial group map sending all to the unit element e; the former can be written
as:
ω(1) ∗ e = ω = e ∗ω(2) (7)
for all ω ∈ GA,C.
A transitive system of groups with projections as above we denote by ({GA,B |A,B ∈
I}, ∗, pi). From the above definition we have:
ω−1(1) ∗ ω(2) = eGA,C = ω(1)ω
−1
(2); (8)
ifA = B = C the group map pi : G −→ G ×G is given by pi(g) = (g, g),∀g ∈ G;
ifA = B then pi12 = idGB,C , and if B = C then pi23 = idGA,B .
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3.2 Turaev bicategories and Turaev pseudofunctors
We will denote by Aut(C) the group of automorphisms of a category C.
Definition 3.1 A Turaev bicategory consist of the following data:
1. a class of objects i.e. 0-cells Lo;
2. a transitive system of groups with projections over Lo:
(
{GA,B |A,B ∈ L
o}, ∗, pi
)
;
3. for any pair of objectsA,B ∈ Lo:
i) a category L(A,B) =
•⋃
α∈GA,B
L(A,B)α which is a disjoint union of categories
L(A,B)α, and
ii) a groupmapϕA,B : GA,B −→ Aut(L(A,B)), β 7→ ϕ
A,B
β
such thatϕA,B
β
(L(A,B)α) =
L(A,B)βαβ−1 for every α, β ∈ GA,B;
4. for allA ∈ Lo there is a 1-cell IdA ∈ L(A,A)e, where e is the unit element of GA,A;
5. for every pair of objectsA,B ∈ Lo and every 1-cell X inL(A,B)α there is a 2-cell idX : X
−→ X;
6. for allA,B,C ∈ Lo:
i) for all α ∈ GA,B, β ∈ GB,C there are functors
c
β,α
C,B,A
: L(B,C)β × L(A,B)α −→ L(A,C)β∗α
(Y,X) 7→ Y · X
ii) for all ω ∈ GA,C and Y ∈ L(B,C)β,X ∈ L(A,B)α there are isomorphisms (2-cells)
natural in X and Y
sC,B,A
Y,X
: ϕA,Cω (Y · X) −→ ϕ
B,C
ω(1)
(Y) · ϕA,Bω(2) (X)
and a bijective 2-cell:
sA0 : ϕ
A,A
γ (IdA) −→ IdA
for all γ ∈ GA,A;
7. for allA,B,C,D ∈ Lo and all α ∈ GA,B, β ∈ GB,C, γ ∈ GC,D:
i) there are isomorphisms (2-cells) natural in composable 1-cells Z ∈ L(C,D)γ,Y ∈
L(B,C)β,X ∈ L(A,B)α defining the associativity law
a
γ,β,α
Z,Y,X
: (Z · Y) · X −→ Z · (Y · X),
and for each A,B ∈ Lo and α ∈ GA,B there are isomorphisms (2-cells) natural in
X ∈ L(A,B)α defining the left and right unity laws
λX : IdB ·X −→ X, ρX : X · IdA −→ X
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such that the following pentagonal and triangular diagrams commute for all com-
posable 1-cells W ∈ L(D,E)δ,Z ∈ L(C,D)γ,Y ∈ L(B,C)β,X ∈ L(A,B)α and all
α ∈ GA,B, β ∈ GB,C, γ ∈ GC,D, δ ∈ GD,E:
((W · Z) · Y) · X (W · (Z · Y)) · X✲
a
δ,γ,β
W,Z,Y
× id
W((ZY)X)✲
a
δ,γβ,α
W,ZY,X
❄
id×a
γ,β,α
Z,Y,X
❄
a
δγ,β,α
WZ,Y,X
(W · Z) · (Y · X) W · (Z · (Y · X))✲
a
δ,γ,βα
W,Z,YX
(Y · IdB) · X Y · (IdB ·X)✲
aY,IdB,X
YX.
ρY × Y
❅
❅
❅❅❘
Y × λX
 
 
  ✠
ii) for all Z ∈ L(C,D)γ,Y ∈ L(B,C)β,X ∈ L(A,B)α the following hexagon and two
triangles commute:
(ϕC,Dω(1)(1) (Z) · ϕ
B,C
ω(1)(2)
(Y)) · ϕA,Bω(2) (X) ϕ
B,D
ω(1) (Z · Y) · ϕ
A,B
ω(2) (X)✛
sD,B,A
Z,Y
× id
ϕA,Dω ((Z · Y) · X)✛
sD,B,A
ZY,X
❄
ϕA,Dω (aZ,Y,X)
❄
aϕ(Z),ϕ(Y),ϕ(X)
ϕC,Dω(1) (Z) · (ϕ
B,C
ω(2)(1)
(Y) · ϕA,Bω(2)(2)
(X)) ϕC,Dω(1) (Z) · ϕ
A,C
ω(2) (Y · X)✛
id×sC,B,A
Y,X
ϕA,Dω (Z · (Y · X))✛
sD,C,A
Z,YX
where ω ∈ GA,D and:
IdB ·ϕ
A,B
ω(2) (X) ϕ
B,B
ω(1) (IdB) · ϕ
A,B
ω(2) (X)
✛
sB
0
× id
ϕA,Bω (IdB ·X)
✛
sB,B,A
IdB,X
ϕA,Bω (X)
❍❍❍❍❍❍❍❍❥
λϕ(X) ϕA,Bω (λ)
✟✟✟✟✟✟✟✟✟✙
ϕA,Bω(1) (X) · IdA ϕ
A,B
ω(1) (X) · ϕ
A,A
ω(2) (IdA)
✛
id×sA
0
ϕA,Bω (X · IdA)
✛
sB,A,A
X,IdA
ϕA,Bω (X).
❍❍❍❍❍❍❍❍❥
ρϕ(X) ϕA,Bω (ρ)
✟✟✟✟✟✟✟✟✟✙
where ω ∈ GA,B.
A Turaev bicategory is said to beTuraev 2-category if the isomorphisms sC,B,A
Y,X
, sA
0
, a
γ,β,α
Z,Y,X
, λX
and ρX are identities (in this case the five diagrams in the point 7. above trivially commute).
In a Turaev bicategory for every 0-cellA inL there is a group G = GA,A, a monoidal
category L(A,A) =
•⋃
α∈G
L(A,A)α by 6 i) and 7 i) and the functors ϕ
A,A
β
are monoidal
by 7 ii). If the isomorphisms sA,A,A
Y,X
and sA
0
from 6 ii) are identities, L(A,A) is a Turaev
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category. Moreover, if for every pair of 0-cellsA,B ∈ Lo the group GA,B is trivial, then
L is a bicategory.
In view of the latter, if in a Turaev bicategory L for everyA ∈ L0 it isA =
•⋃
α∈GA,A
Aα
and for everyA,B ∈ L0 it isL(A,B)e = L(Ae,Be)e, thenLhas anunderlying bicategory
U(L) and there is a forgetful pseudofunctor from L to U(L). We define them as
follows. For every 0-cell A =
•⋃
α∈GA,A
Aα in L let Ae be a 0-cell of U(L). For every two
0-cells A,B ∈ (U(L))0 we define the category U(L)(A,B) = L(A,B)e. The forgetful
pseudofunctor F : L −→ U(L) is defined as the obvious one-to-one correspondence on
0-cells and for every two 0-cellsA,B ∈ L0 the functor FA,B : L(A,B) =
•⋃
α∈GA,B
L(A,B)α
−→ L(A,B)e sends the categories L(A,B)α with α , e to the empty category and it is
identity on L(A,B)e.
The other way around, ifL is a bicategory and there is a Turaev bicategory LT such
thatL is the underlying bicategory of LT, we say thatLT is an extension ofL to a Turaev
bicategory, or a Turaev extension of L.
Remark 3.2 We can consider the following version of the definition of a Turaev bi-
category. Let Cat(G) denote the monoidal category whose objects are the elements of
a group G, the only morphisms are the identities and the tensor product is given by
the product in G. For a category C let Aut(C) denote the monoidal category of auto-
equivalences of C and natural isomorphisms between them, where the tensor product
is given by the composition of functors.
Now, in the other version of the above definition substitute the group map ϕA,B :
GA,B −→ Aut(L(A,B)), β 7→ ϕ
A,B
β
from the point 3 ii) by a monoidal functor ϕA,B :
Cat(GA,B) −→ Aut(L(A,B)), β 7→ ϕ
A,B
β
. This means that for every α, β ∈ GA,B there is
an isomorphism rα,β : ϕα ◦ ϕβ

−→ ϕαβ defining the monoidal structure of the functor
Cat(GA,B) −→ Aut(L(A,B)) (rα,β satisfies the coherence hexagon).
As above, we have that L(A,A) is a monoidal category and that the functors ϕA,A
β
are monoidal. In this setting, though, this means that there is an action of the group
GA,A on the category L(A,A) (the definition of an action of a group on a monoidal
category goes back to [6].) In particular, one may consider a crossed product category
L(A,A) ⋊ G, [15, Section 3.1], [18].
This definition of a Turaev bicategory is more general: to pass from it to the for-
mer consider the truncations of the categories, i.e. categorical groups Cat(GA,B) and
Aut(L(A,B)) to get the corresponding groups and recover the group map ϕA,B : GA,B
−→ Aut(L(A,B)), β 7→ ϕA,B
β
from 3 ii). (By truncation we mean forgetting the mor-
phisms and identifying the isomorphic objects of the respective categories. Then clearly
the category Cat(GA,B) yields the group GA,B and the category of auto-equivalences
Aut(L(A,B)) comes down to the group of automorphisms Aut(L(A,B)) of the cate-
gory L(A,B).)
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Let us define pseudofunctors between Turaev bicategories.
Definition 3.3 ATuraev pseudofunctorF : L −→ P betweenTuraev bicategories (L, ϕL, aL, λL, ρL)
and (P, ϕP, aP, λP, ρP) consist of the following data:
1. an assignmentA 7→ F (A) for every objectA ∈ Lo;
2. a family of group maps (ψA,B : GA,B −→ GF (A),F (B)|A,B ∈ L
o);
3. for any pair of objects A,B ∈ Lo a functor FA,B : L(A,B) −→ P(F (A),F (B)) such
that for all α ∈ GA,B it holds:
i) FA,B(L(A,B)α) ⊆ P(F (A),F (B))ψA,B(α),
ii) FA,B(ϕ
L
β
(L(A,B)α)) = ϕ
P
ψA,B(β)
(FA,B(L(A,B)α)) inϕ
P
ψA,B(β)
(
P(F (A),F (B))ψA,B(βαβ−1)
)
for every α, β ∈ GA,B;
4. for allA,B,C ∈ Lo and α ∈ GA,B, β ∈ GB,C there are isomorphisms (2-cells) natural in
composable 1-cells Y ∈ L(B,C)β,X ∈ L(A,B)α:
ξ
β,α
Y,X
: F
β
B,C
(Y) · F αA,B(X) −→ F
βα
A,C
(Y · X)
and for allA ∈ Lo there is an isomorphism (2-cell) natural inA:
ξ0A : IdF (A) −→ F
e
A,A(IdA),
where e is the unit element of GA,A (the functors with supra-indexes F
•
−,− are the obvious
restrictions of the functors F−,− , similarly in ξ
β,α
C,B,A
, the supra-indexes may be omitted),
such that the following hexagonal and triangular diagrams commute for all composable 1-
cells Z ∈ L(C,D)γ,Y ∈ L(B,C)β,X ∈ L(A,B)α and all α ∈ GA,B, β ∈ GB,C, γ ∈ GC,D:
(FC,D(Z) · FB,C(Y)) · FA,B(X) FB,D(Z · Y) · FA,B(X)✲
ξ
γ,β
Z,Y
× id
FA,D((Z · Y) · X)✲
ξ
γβ ,α
Z·Y,X
❄
FA,D(a
L)
❄
aP
FC,D(Z) · (FB,C(Y) · FA,B(X)) FC,D(Z) · FA,C(Y · X)✲
id×ξ
β,α
Y,X
FA,D(Z · (Y · X))✲
ξ
γ,βα
Z,Y·X
IdF (B) ·FA,B(X) FB,B(IdB) · FA,B(X)✲
ξ0
B
× id
FA,B(IdB ·X)✲
ξe,α
IdB,X
FA,B(X)
❍❍❍❍❍❍❍❍❥
λP FA,B(λ
L)
✟✟✟✟✟✟✟✟✟✙
FA,B(X) · IdF (A) FA,B(X) · FA,A(IdA)✲
id×ξ0
A
FA,B(X · IdA)✲
ξα,e
X,IdA
FA,B(X).
❍❍❍❍❍❍❍❍❥
ρP FA,B(ρ
L)
✟✟✟✟✟✟✟✟✟✙
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If forA ∈ L0 the groups GA,A andGF (A),F (A) are equal, thenFA,A is a Turaev functor
between Turaev categories L(A,A) and P(F (A),F (A)). On the other hand, if for
all A,B ∈ L0 and A′,B′ ∈ P0 the groups GA,B and GA′,B′ are trivial, then a Turaev
pseudofunctor is a pseudofunctor between bicategories L(A,B) and P(A′,B′).
4 Turaev 2-category for bimonads inK
LetK be a 2-category. We recalled our definition of bimonads inK and their 2-category
Bimnd(K) in the preliminary Section. In this Section we are going to construct a Turaev
extension of Bimnd(K). In this Turaev 2-category the 0- and 1-cells are 0- and 1-cells of
Bimnd(K) expanded and twisted by certain automorphisms of bimonads. We start by
presenting the automorphisms that we are going to be interested in.
4.1 A subgroup of the group of automorphisms of a bimonad in a
2-category
Let (A, F, λ)  (A, F) be a bimonad in K and consider an invertible 1-cell α : F −→ F in
K . We observe that (IdA, α) : (A, F) −→ (A, F) is a 1-cell in Mnd(K) if and only if
F F
✍ ✌
α
F
=
F F
α α
✍ ✌
F
and
❞
α
F
=
❞
F
(9)
holds. Similarly, (IdA, α) : (A, F) −→ (A, F) is a 1-cell in Comnd(K) if and only if
F
α✎ ☞
F F
=
F✎ ☞
α α
F F
and
F
α
❞
=
F
❞
(10)
holds. Composing (9) with α−1 × α−1 from above and with α−1 from below (and dually
for (10)) we see that (IdA, α) : (A, F) −→ (A, F) is a 1-cell in Mnd(K) if and only if so is
(IdA, α
−1) : (A, F) −→ (A, F), and that (IdA, α) : (A, F) −→ (A, F) is a 1-cell in Comnd(K)
if and only if so is (IdA, α
−1) : (A, F) −→ (A, F). Then it makes sense to consider a 1-cell
(IdA, α, α
−1) in Bimnd(K). The additional condition that the latter fulfills is:
F F
α
λ
α−1
F F
=
F F
α−1
λ
α
F F.
(11)
Then similarly as above we have that (IdA, α, α
−1) is a 1-cell in Bimnd(K) if and only
if so is (IdA, α
−1, α), and these two 1-cells are inverse to each other. Now we define
G(F) = Aut0(F) to be the group of 1-endocells in Bimnd(K) on the 0-cell (A, F) of the
form (IdA, α, α
−1), where α : F −→ F is an invertible 1-cell in K . It is a subgroup of
the group of automorphisms of the 0-cell (A, F) in Bimnd(K). We will refer to such
automorphisms as to 0-automorphisms of F.
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4.2 Fusion group maps
Let us consider the partition of the class Bimnd(K)0 of all bimonads in K into classes
of bimonads whose 0-automorphism groups are isomorphic. That is:
Bimnd(K)0 =
•⋃
ω∈I
Bimndω(K)
0
for some index class I, so that for every F, F ′ ∈ Bimndω(K)
0 it is G(F)  G(F ′). In every
class Bimndω(K)
0 we will choose a family of group maps ( jF,F ′ : G(F) −→ G(F
′)|∀F, F ′ ∈
Bimnd(K)0) such that
1. jF,F = idG(F),
2. jF,F ′ = ( jF ′,F)
−1,
3. jF,F ′′ = jF ′,F ′′ ◦ jF,F ′
for all F, F ′, F ′′ ∈ Bimndω(K)
0). In other words, in every class Bimndω(K)
0 we have a
directed system of groups with group isomorphisms. The group isomorphisms j we
will call fusion maps.
Given two bimonads F, F ′ inK with their respective groups G,G′ and a fusion map
j : G −→ G′ it is directly checked that
(α, β) ∗ (γ, δ) = (αγ, δ j−1(γ−1)β j−1(γ)) (12)
with α, γ ∈ G′, β, δ ∈ G, defines an associative multiplication on the product of groups
G′×G. The unit for this multiplication is given by (eG′ , eG), where eG′ , eG denote the unit
of the corresponding groups, and it is
(α, β)−1 = (α−1, j−1(α)β−1 j−1(α−1)).
Given three bimonads F, F ′, F ′′ in K with their respective groups G,G′,G′′′ and
fusion maps j : G −→ G′, j′ : G′ −→ G′′ we can consider groups G′′ ×G′,G′′ ×Gwith the
analogous product as in (12) (where j is substituted by j ′ in the former case, and by
j 02 = j ′ j in the latter).
We will consider the transitive product on the groups
mG
′′,G′,G
j ′, j
: (G′′ × G′) × (G′ × G) −→ (G′′ × G)
defined by
(α, β) ∗ (γ, δ) = (α j ′(γ), δ · j−1(γ−1βγ)) (13)
for α ∈ G′′, β, γ ∈ G′, δ ∈ G. We will use the same symbol ∗ for the product in G′ × G
from (12) and the above defined transitive product, the difference will be clear from the
context. Similarly as above, it is directly proved that if we are given a fourth bimonad
F ′′′ in K with its corresponding group G′′′ and a fusion map j ′′ : G′′ −→ G′′′, then the
transitive product is associative. This means that setting j 13 = j ′′ j ′, we have that the
composition of maps:
((G′′′ × G′′) × (G′′ ×G′))×(G′×G) −→ (G′′×G)
mG
′′′ ,G′′ ,G′
j ′′ , j ′
×id
−→ (G′′′×G′)×(G′×G)
mG
′′′ ,G′ ,G
j 13 , j
−→ (G′′′×G)
11
is equal to the composition:
(G′′′×G′′)×((G′′ × G′) × (G′ × G)) −→ (G′′×G)
id×mG
′′ ,G′ ,G
j ′ , j
−→ (G′′′×G′′)×(G′′×G)
mG
′′′ ,G′′ ,G
j ′′ , j 02
−→ (G′′′×G).
Concretely, given (α, β) ∈ G′′′ × G′′, (γ, δ) ∈ G′′ × G′, (µ, ν) ∈ G′ × G we find that:
(
(α, β) ∗ (γ, δ)
)
∗ (µ, ν) = (α j ′′(γ) j 13(µ), ν j−1
(
µ−1δ j ′−1(γ−1βγ)µ
)
) (14)
and that
(α, β) ∗
(
(γ, δ) ∗ (µ, ν)
)
= (α j ′′(γ j ′(µ)), ν j−1(µ−1δµ)( j 02)−1
(
j ′(µ−1)γ−1βγ j ′(µ)
)
),
which are the same. Moreover, we have (eG′′ , eG′) ∗ (γ, δ) = ( j
′(γ), δ) and (α, β) ∗ (eG′ , eG) =
(α, j−1(β)).
Furthermore, we will consider the projection maps
pi1 : G
′′ × G −→ G′′ × G′ and pi2 : G
′′ × G −→ G′ × G
given by
pi1 = id× j and pi2 = ( j
′)−1 × id .
They are group maps and they induce the group map
pi : G′′ × G −→ (G′′ ×G′) × (G′ ×G), (α, β) 7→
(
(α, j(β)), (( j ′)−1(α), β)
)
. (15)
It is directly checked that pi satisfies the identities (5)–(7).
Thus we have constructed a transitive system of groups with projections in every
class Bimndω(K)
0. If F and F ′ are bimonads in K so that G(F) = G and G(F ′) = G′ are
not isomorphic, we setGF,F ′ = {e}. The total transitive system of groupswith projections
over Bimnd(K) we may denote by ({GF,F ′ |F, F
′ ∈ Bimnd(K)}, ∗, pi). Here GF,F ′ = G
′ × G.
Remark 4.1 When K is the 2-category induced by the (braided) monoidal category
of vector spaces over a field k bimonads in K are k-bialgebras. The 0-automorphism
groups of bimonads in K are bialgebra automorphism groups. Just to mention some,
in [22] is presented a list of references where some automorphism groups of Hopf
algebras are computed, few are computed also in [21]. For example for the Sweedler’s
four-dimensional Hopf algebra the automorphism group is isomorphic to k∗ = k\{0},
and for the Radford’s Hopf algebra of dimensionm2n+1 over the complex numbers field
C the automorphism group is isomorphic to GLn(C).
4.3 Turaev 2-category for bimonads inK
We define the 2-category BimndT(K) in the following way.
0-cells: are triples (A, F, (λα)α∈G) =
•⋃
α∈G
(A, F, λα) where:
• G = Aut0(F),
• (A, F, λe) is a bimonad inK ,
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• for every α ∈ G the pair (F, λα) is a 1-cell both in Mnd(K) and in Comnd(K) so that
λβα =
F F
β α−1
λ
α β−1
F F
(16)
We will use the following notation: F ≡ (A, F, (λα)α∈G) and Fα ≡ (A, F, λα).
The transitive system of groups with projections: ({G′ × G |F, F ′ ∈ Bimnd(K)}, ∗, pi)
from above.
Hom-category. Given two 0-cells (A, F, (λα)α∈G) and (A
′, F ′, (λ′α)α∈G) we define the
category BimndT(F, F ′) := BimndT(K)(F, F ′) as follows:
BimndT(F, F ′) =

•⋃
(α,β)∈G′×G
BimndT(Fβ, F
′
α), if G  G
′
∅, if not
(17)
so, if the 0-automorphism groups G and G′ are not isomorphic, we set BimndT(F, F ′)
to be the empty category (with no objects and no morphisms), if G  G′, then let
BimndT(F, F ′) be the disjoint union of the categories BimndT(Fβ, F
′
α) that we next define.
The objects of BimndT(Fβ, F
′
α) are triples (X, ψX, φX) so that:
• (X, ψX : F
′X −→ XF ′) is a 1-cell in Mnd(K),
• (X, φX : XF −→ F
′X) is a 1-cell in Comnd(K), and
• the compatibility condition
F ′ X F
ψX
λβ
φX
F ′ X F
=
F ′ X F
φX
λ′α
ψX
F ′ X F
(18)
holds.
Morphisms of BimndT(Fβ, F
′
α) are ζ : (X, ψX, φX) −→ (Y, ψY, φY) where ζ : (X, ψX)
−→ (Y, ψY) is a 2-cell in Mnd(K) and ζ : (X, φX) −→ (Y, φY) is a 2-cell in Comnd(K).
For every 0-cell (A, F, (λα)α∈G) of Bimnd
T(K) the identity 1-cell on it is given by
(IdA, idF, idF) living in the category Bimnd
T(Fe, Fe).
For every 1-cell (X, ψX, φX) in Bimnd
T(K) the identity 2-cell on it is given by idX.
For the composition of 1-cells we will first have to prove a few results. We start by
recording some direct consequences of the identity (16):
λα =
F F
α−1
λ
α
F F
(19) λα =
F F
α
λ
α−1
F F
(20) λαβ =
F F
α−1
λβ
α
F F
(21) λαβ =
F F
β
λα
β−1
F F
(22)
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F F
λαβ
β
F F
=
F F
β
λα
F F
(23)
F F
α
λαβ
F F
=
F F
λβ
α
F F
F F
α−1
λ
F F
=
F F
λα
α−1
F F
(24)
F F
α
λ
F F
=
F F
λα
α
F F
(25)
F F
α−1
λα
F F
=
F F
λ
α−1
F F
(26)
F F
α−1β
λα
F F
=
F F
λβ
α−1β
F F
(27)
Lemma 4.2 Given a 1-cell (X, ψX, φX) : (A, F, (λα)α∈G) −→ (A
′, F ′, (λ′α)α∈G′) in Bimnd
T(K),
where G  G′, and let j : G −→ G′ be the corresponding fusion map.
a) For every α ∈ G the pair (X, ψα
X
) is a 1-cell inMnd(K), where ψα
X
is given by (28).
b) For every β ∈ G′ the pair (X, ψ
β
X
) is a 1-cell inMnd(K), where ψ
β
X
is given by (29).
ψαX =
F ′ X
j (α)
ψX
α−1
X F
(28) ψ
β
X
=
F ′ X
β
ψX
j−1(β−1)
X F
(29)
Proof. The proof is direct using the fact that j(α), α−1, β and j−1(β−1) fulfill the identities
(9).
Remark 4.3 Observe that the above result holds for a 1-cell (X, ψX) : (A,B) −→ (A
′,B′) in
Mnd(K), whereB andB′ aremonads inK with the corresponding 0-zero automorphism
groupsG andG′, which are isomorphic and consist of 1-cells (IdA, α) : (A,B) −→ (A
′,B′)
in Mnd(K), and j : G −→ G′ is any group isomorphism.
The composition of 1-cells in BimndT(K) is defined as it is indicated in the following
Proposition.
Proposition 4.4 Let (X, ψX, φX) ∈ Bimnd
T(F ′β, F
′′
α ) and (Y, ψY, φY) ∈ Bimnd
T(Fδ, F
′
γ) be
composable 1-cells in BimndT(K), and let j : G −→ G′ and j ′ : G′ −→ G′′ be the corresponding
fusion maps. The triple (XY, ψXY, φXY), where ψXY and φXY are given as below, is a 1-cell in
BimndT(K), in particular it is an object in BimndT(Fδ· j−1(γ−1βγ), F
′′
α· j ′(γ)
).
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ψXY =
F ′′ X Y
ψ
γ
X
ψ
γ−1βγ
Y
X Y F
(30) φXY =
X Y F
φY
φX
F ′′ X Y
(31)
Proof. Note that by Lemma 4.2 the pair (XY, ψXY) is a composition of 1-cells in Mnd(K),
so it is a 1-cell in Mnd(K). We clearly have that (XY, φXY) is a 1-cell in Comnd(K). We
only should check that the identity (18) is fulfilled. We first observe that α ∈ G′′, β, γ ∈
G′, δ ∈ G, hence γ, γ−1βγ ∈ G′. Then ψ
γ
X
is defined as in (28), while ψ
γ−1βγ
Y
is defined as
in (29). Henceforth we have:
ψXY =
F ′′ X Y
j ′(γ)
ψX
 γ
−1
γ−1β✁γ
ψY
j−1(γ−1β−1γ)
X Y F
=
F ′′ X Y
j ′(γ)
ψX
γ−1β
ψY
j−1(γ−1β−1γ)
X Y F.
(32)
Then the left hand-side of (18) in this case and applying (22) becomes:
F ′′XY F
ψXY
λ
δ j−1(γ−1βγ)
φXY
F ′′XY F
=
F ′′ X Y F
j ′(γ)
ψX
γ−1β
ψY
✘✘✘
✘✘
j−1(γ−1β−1γ)
✘✘✘
✘
j−1(γ−1βγ)
λδ
j−1(γ−1β−1γ)
φY
φX
F ′′ X Y F
Y
=
F ′′ X Y F
j ′(γ)
ψX
γ−1β
φY
λ′γ
ψY
φX j−1(γ−1β−1γ)
F ′′ X Y F
=
(27)
=
F ′′ X Y F
j ′(γ)
ψX φY
λ′
β
φX γ−1β
ψY
j−1(γ−1β−1γ)
F ′′ X Y F
X
=
F ′′ X Y F
j ′(γ) φY
φX
λ′′α
ψX
γ−1β
ψY
j−1(γ−1β−1γ)
F ′′ X Y F
=
F ′′ X Y F
φY
j ′(γ) φX
λ′′α
✘✘✘j ′(γ−1)
✟✟j ′(γ)
ψX
γ−1β
ψY
j−1(γ−1β−1γ)
F ′′ X Y F
(22)
=
F ′′ X F
φXY
λ′′
α j ′(γ)
ψXY
F ′ X F.
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The above Proposition yields a functor for three bimonads F, F ′, F ′′ in K with
isomorphic corresponding 0-automorphism groups G,G′,G′′:
c
(α,β),(γ,δ)
F ′′,F ′,F
: BimndT(F ′β, F
′′
α ) × Bimnd
T(Fδ, F
′
γ) −→ Bimnd
T(Fδ· j−1(γ−1βγ), F
′′
α· j ′(γ))
(X, ψX, φX), (Y, ψY, φY) 7→ (XY, ψXY, φXY)
where ψXY and φXY are given by (30), (31), and j : G −→ G
′ and j ′ : G′ −→ G′′ are
fusion maps. This functor is clearly well-defined on morphisms. Mind the notation:
as indicated in (17), the (α, β)-component of the category BimndT(F, F ′) we write as
BimndT(Fβ, F
′
α). Then the component of the codomain of the functor c
(α,β),(γ,δ)
F ′′,F ′,F
is the
transitive product (13) of (α, β) ∈ G′′ × G′ and (γ, δ) ∈ G′ ×G.
Lemma 4.5 Let (X, ψX, φX) ∈ Bimnd
T(F ′′β , F
′′′
α ), (Y, ψY, φY) ∈ Bimnd
T(F ′
δ
, F ′′γ ) and (Z, ψZ, φZ) ∈
BimndT(Fν, F
′
µ) be composable 1-cells in Bimnd
T(K). Then the corresponding objects (XY)Z
and X(YZ) are equal in BimndT(Fν j−1(µ−1δ j ′−1(γ−1βγ)µ), F
′′′
α j ′′(γ) j ′′ j ′(µ)
). (Here
(α j ′′(γ) j ′′ j ′(µ), ν j−1
(
µ−1δ j ′−1(γ−1βγ)µ
)
) = (α, β) ∗ (γ, δ) ∗ (µ, ν) is the transitive product as
in (14) with fusion maps j : G −→ G′, j ′ : G′ −→ G′′ and j ′′ : G′′ −→ G′′′.)
Proof. As in the proof of the above Proposition, we only have to compare ψ(XY)Z and
ψX(YZ). Set j
13 = j ′′ j ′ and j 02 = j ′ j as before, we find:
ψ(XY)Z
(32)
XY,Z
=
F ′′′XY Z
j 13(µ)
ψXY
j ′−1(γ−1βγ)
µ−1δ
ψZ
j−1(µ−1 j ′−1(γ−1β−1γ)δ−1µ)
XY Z F
(32)
X,Y
=
F ′′′ X Y Z
j 13(µ)
j ′′(γ)
ψX
γ−1β
ψY
✘✘✘
✘✘j ′−1(γ−1β−1γ)
✘✘✘
✘
j ′−1(γ−1βγ)
µ−1δ
ψZ
j−1(µ−1 j ′−1(γ−1β−1γ)δ−1µ)
X Y Z F
and
ψX(YZ)
(32)
X,YZ
=
F ′′′ X YZ
j ′′(γ j ′(µ))
ψX
j ′(µ−1)γ−1β
ψYZ
( j02)−1( j ′(µ−1)γ−1β−1γ j ′(µ))
XY Z F
(32)
X,Y
=
F ′′′ X Y Z
j ′′(γ j ′(µ))
ψX
✘✘✘j ′(µ−1)γ−1β
✟✟j
′(µ)
ψY
µ−1δ
ψZ
j−1(✚✚µ
−1δ−1µ)
j−1(µ−1)( j02)−1(γ−1β−1γ)✟✟j
−1(µ)
X Y Z F.
Comparing the right hand-sides in the above two expressions we see that they are the
same, which completes the proof.
This shows that the composition of 1-cells in BimndT(K) over bimonads with
isomorphic corresponding 0-automorphism groups is strictly associative. We will
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have that BimndT(K) is a Turaev 2-category once we prove that for every pair of 0-
cells (A, F, (λα)α∈G), (A
′, F ′, (λ′α)α∈G) in Bimnd
T(K) there is a group map ϕF,F
′
: G′ × G
−→ Aut(BimndT(F, F ′)), (α, β) 7→ ϕF,F
′
(α,β)
such that for every (α, β), (γ, δ) ∈ G′ × G it is:
ϕF,F
′
(α,β)
(
BimndT(γ,δ)(F, F
′)
)
= BimndT(α,β)∗(γ,δ)∗(α,β)−1(F, F
′) and the conditions in points 6) ii)
and 7) ii) of Definition 3.1 are satisfied. Recall that BimndT(γ,δ)(F, F
′) = BimndT(Fδ, F
′
γ).
Proposition 4.6 Let F and F ′ be bimonads in K with isomorphic 0-automorphism groups G
and G′, respectively, a fusion map j : G −→ G′ and let (α, β), (γ, δ) ∈ G′ × G. The following
defines an invertible functor:
ϕF,F
′
(α,β)
: BimndT(γ,δ)(F, F
′) −→ BimndT(α,β)∗(γ,δ)∗(α,β)−1(F, F
′) (33)
(Y, ψY, φY) 7→ (Y, ψ
γ−1 j (β)γα−1
Y
, φ
β j−1(α−1)
Y
)
where
ψ
γ−1 j (β)γα−1
Y
=
F ′ Y
γ−1 j (β)γα−1
ψY
j−1(αγ−1)β−1 j−1(γ)
Y F
(34) φ
β j−1(α−1)
Y
=
Y F
β j−1(α−1)
φY
α j (β−1)
F ′ Y.
(35)
Proof. We first note that ψ
γ−1 j (β)γα−1
Y
and φ
β j−1(α−1)
Y
are of the form:
ψα =
F ′
α
ψ
j−1(α−1)
F
and φβ =
F
β
φ
j (β−1)
F ′
(36)
for α ∈ G′ and β ∈ G, respectively, for every 1-cell (A, F) −→ (A′, F ′) in Mnd(K) and
Comnd(K), respectively. Moreover, note that ψ
γ−1 j (β)γα−1
Y
is as ψ
β
X
in (29). Similarly as in
Lemma 4.2 we have that (Y, φ
β j−1(α−1)
Y
) is a 1-cell in Comnd(K). The assignment ϕF,F
′
(α,β)
is
clearly invertible and it will be well-defined once we prove that the identity (11) holds.
Then it will also be well-defined on morphisms and we will have the proof. We first
observe the following:
F ′ F ′
γ−1 j (β)γα−1
λ′γ
α j (β−1)
F ′ F ′
(26)
=
F ′ F ′
j (β)γα−1
λ′
α j (β−1) γ−1
F ′ F ′
(19)
=
F ′ F ′
j (β)γα−1 α j (β−1)
λ′
α j (β−1)
γ−1
F ′ F ′
(23)
=
F ′ F ′
α j (β−1)
λ′
αγα−1
j (β)γα−1
γ−1
F ′ F ′
(37)
and
(α, β) ∗ (γ, δ) ∗ (α, β)−1 = (αγα−1, j−1(α)β−1δ j−1(γ−1)β j−1(γα−1)). (38)
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For simplicity reasons letusdenoteψY = ψ
γ−1 j (β)γα−1
Y
, φY = φ
β j−1(α−1)
Y
andλR = λ j−1(α)β−1δ j−1(γ−1)β j−1(γα−1).
Then the left hand-side of (18) becomes:
F ′′ Y F
ψ
Y
λR
φ
Y
F ′′ Y F
(22)
=
F ′ Y F
γ−1 j (β)γα−1
ψY
✭✭✭✭
✭✭✭j−1(αγ−1)β−1 j−1(γ)
✭✭✭✭
✭✭✭j−1(γ−1)β j−1(γα−1)
λ
j−1(α)β−1δ
j−1(αγ−1)β−1 j−1(γ)
β j−1(α−1)
φY
α j (β−1)
F ′ Y F
(23)
=
F ′ Y F
γ−1 j (β)γα−1
ψY
β j−1(α−1)
λδ
φY j−1(αγ−1)β−1 j−1(γ)
α j (β−1)
F ′ Y F
Y
=
F ′ Y F
γ−1 j (β)γα−1 β j−1(α−1)
φY
λ′γ
α j (β−1) ψY
j−1(αγ−1)β−1 j−1(γ)
F ′ X Y F
(37)
=
F ′ Y F
β j−1(α−1)
φY
α j (β−1)
λ′
αγα−1
j (β)γα−1
γ−1
ψY
j−1(αγ−1)β−1 j−1(γ)
F ′ Y F
=
F ′ Y F
φ
Y
λ′
αγα−1
ψ
Y
F ′ X F.
Corollary 4.7 The functor from Proposition 4.6 induces an automorphism functor
ϕF,F
′
(α,β)
∈ Aut(BimndT(F, F ′)).
Proposition 4.8 The assignment
ϕF,F
′
: G′ × G −→ Aut(BimndT(F, F ′))
(α, β) 7→ ϕF,F
′
(α,β)
is a group map.
Proof. Take (α, β), (γ, δ), (µ, ν) ∈ G′ × G and Z ∈ BimndT(µ,ν)(F, F
′), let us prove that
ϕF,F
′
(α,β)∗(γ,δ)
(Z) = ϕF,F
′
(α,β)
◦ ϕF,F
′
(γ,δ)
(Z). For that purpose we recall from (12) that (α, β) ∗ (γ, δ) =
(αγ, δ j−1(γ−1)β j−1(γ)) and we observe that ϕF,F
′
(γ,δ)
(Z) lies in the component (γ, δ) ∗ (µ, ν) ∗
(γ, δ)−1 = (γµγ−1, j−1(γ)δ−1ν j−1(µ−1)δ j−1(µγ−1)), see (38). Then it follows: ϕF,F
′
(α,β)∗(γ,δ)
(Z) =
(Z, ψΩZ , φ
Σ
Z) where
Ω = µ−1 j
(
δ j−1(γ−1)β j−1(γ)
)
µγ−1α−1 = µ−1 j (δ)γ−1 j (β)γµγ−1α−1
and
Σ = δ j−1(γ−1)β j−1(γ) j−1(γ−1α−1) = δ j−1(γ−1)β j−1(α−1).
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On the other hand we find:
ϕF,F
′
(α,β)
◦ ϕF,F
′
(γ,δ)
(Z) = ϕF,F
′
(α,β)
(Z, ψ
µ−1 j (δ)µγ−1
Z
, φ
δ j−1(γ−1)
Z
)
= (Z, (ψ
µ−1 j (δ)✁µ✚✚γ
−1
Z
)✁γ✚✚µ
−1γ−1 j (β)γµγ−1α−1 , (φ
δ j−1(γ−1)
Z
)β j
−1(α−1))
= (Z, ψΩZ , φ
Σ
Z)
= ϕF,F
′
(α,β)∗(γ,δ)
(Z)
where in the third equality we used that ψαα
′
= (ψα)α
′
and φββ
′
= (φβ)β
′
, for all α, α′ ∈ G′
and β, β′ ∈ G′, which is clear from (36). Moreover, from (33) it is clear that ϕF,F
′
(eG′ ,eG)
= Id,
the identity functor on the category BimndT(γ,δ)(F, F
′) for every (γ, δ) ∈ G′ × G, and thus
on the category BimndT(F, F ′).
We finish the proof that BimndT(K) is a Turaev 2-category by proving the following
Proposition. Its proof is straightforward and technical, we include it for the record.
Proposition 4.9 For every (X, ψX, φX) ∈ Bimnd
T(F ′β, F
′′
α ) and (Y, ψY, φY) ∈ Bimnd
T(Fδ, F
′
γ)
composable 1-cells in BimndT(K) and (µ, ν) ∈ G′′ × G it is
ϕF,F
′′
(µ,ν)
(XY) = ϕF
′,F ′′
(µ,ν)(1)
(X) · ϕF,F
′
(µ,ν)(2)
(Y).
Proof. To prove the result we note the following: from (33) by (13) we have
ϕF,F
′′
(µ,ν)
(XY) = (XY, ψ
j ′(γ−1)α−1 j02(ν)α j ′(γ)µ−1
XY
, φ
ν( j02)−1(µ−1)
XY
), (39)
and on the other hand, by (15) it is pi((µ, ν)) =
(
(µ, j(ν)), ( j ′−1(µ), ν)
)
, hence we have:
ϕF
′,F ′′
(µ, j(ν))
(X) = (X, ψ
α−1 j ′ j (ν)αµ−1
X
, φ
j (ν)( j ′)−1(µ−1)
X
) =: (X, ψX, φX)
and it lies in the component
(µ, j(ν))(α, β)(µ, j(ν))−1 =
(
µαµ−1, j ′−1(µ) j (ν−1)β j ′−1(α−1) j (ν) j ′−1(αµ−1)
)
=: (Ω1,Ω2) = Ω,
and
ϕF,F
′
(( j ′)−1(µ),ν)
(Y) = (Y, ψ
γ−1 j (ν)γ( j ′)−1(µ−1)
Y
, φ
ν j−1(( j ′)−1(µ−1))
Y
) =: (Y, ψY, φY)
and it lies in the component
( j ′−1(µ), ν)(γ, δ)( j ′−1(µ), ν)−1 =(
j ′−1(µ)γ j ′−1(µ−1), j−1( j ′−1(µ))ν−1δ j−1(γ−1)ν j−1(γ j ′−1(µ−1))
)
=: (Σ1,Σ2) = Σ.
Consequently,
ϕF
′,F ′′
(µ, j(ν))
(X) · ϕF,F
′
(( j ′)−1(µ),ν)
(Y) = (XY, ψXY, φXY)
where ψXY and φXY are given by (32) and (31), respectively as follows:
ψXY =
F ′′ X Y
j ′(Σ1)
ψX
(Σ1)−1Ω2
ψ
Y
j−1((Σ1)−1(Ω2)−1Σ1)
X Y F
(29)
=
F ′′ X Y
j ′(Σ1)
α−1 j ′ j (ν)αµ−1
ψX
j−1(µα−1 j ′ j (ν−1)α)
(Σ1)−1Ω2
γ−1 j (ν)γ( j ′)−1(µ−1)
ψY
j−1(( j ′)−1(µ)γ−1 j (ν−1)γ)
j−1((Σ1)−1(Ω2)−1Σ1)
X Y F
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=F ′′ X Y
j ′(γ)µ−1
α−1 j02(ν)α
ψX
γ−1β
ψY
ν−1( j02)−1(α) j−1(β−1) j−1(γ)
( j02)−1(µ) j−1(γ−1)( j02)−1(α−1)
X Y F
φXY =
X Y F
φ
Y
φ
X
F ′′ X Y
(35)
=
X Y F
ν j−1(( j ′)−1(µ−1))
φY
✭✭✭✭
✭✭
( j ′)−1(µ) j (ν−1)
✭✭✭✭
✭✭
j (ν)( j ′)−1(µ−1)
φX
j ′(( j ′)−1(µ) j (ν−1)
F ′′ X Y
= φ
ν( j02)−1(µ−1)
XY
The last equality is obvious, it refers to the value in (39). On the other hand, for
ψ
j ′(γ−1)α−1 j02(ν)α j ′(γ)µ−1
XY
from (39) we find:
ψ
j ′(γ−1)α−1 j02(ν)α j ′(γ)µ−1
XY
=
F ′′XY
j02(ν)α j ′(γ)µ−1
j ′(γ−1)α−1
ψXY
( j02)−1( j02(ν−1)α j ′(γ))
( j02)−1(µ j ′(γ−1)α−1)
XY F
=
F ′′ X Y
j02(ν)α j ′(γ)µ−1
j ′(γ−1)α−1
j ′(γ)
ψX
γ−1β
ψY
j−1(γ−1β−1γ)
( j02)−1(µ j ′(γ−1)α−1( j02)(ν−1)α j ′(γ))
X Y F
which clearly is equal to the above ψXY.
The above construction is a Turaev 2-category for bimonads inK . It is directly seen
that it is a Turaev extension of the 2-category of bimonads Bimnd(K) that we recalled
in Section 2.
Example 4.10 When K = C is the 2-category induced by a monoidal category C, a
bimonad in C is an algebra and a coalgebra F in C together with a morphism λ : F ⊗ F
−→ F⊗F so that the conditions (1) and (2)–(3) with F ′ = X = F hold. (As a matter of fact,
we should consider horizontally symmetric diagrams to the latte ones, as the tensor
product in monoidal categories is read from the left to the right, while the composition
of 1-cells in bicategories is read the other way around.)
The 0-automorphism group G of a bimonad F in C is just the automorphism group
of the algebra and coalgebra F in C. For two bimonads (F, λ) and (F ′, λ′) in C there
is a category Bimnd(C)(F, F ′) as described in (17), now understood in terms of C.
Fixing one 0-cell in Bimnd(C), that is a bimonad F, we have a monoidal category
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Bimnd(C)(F, F) = FFYD(C) =
•⋃
(α,β)∈G×G
F
FYD(C)(α,β) whose objects are objectsX ∈ C together
with morphisms ψ : F⊗X −→ X ⊗ F and φ : X ⊗ F −→ F⊗X in C satisfying (2)– (4) (with
F ′ = F).
Example 4.11 IfC in the above example is evenbraidedwith a braiding , a bimonad
in C is a bialgebra F in Cwith λ =
F F☛✟
✡✠
F F
. The 0-automorphism group G is then just the
automorphism group of the bialgebra F in C. Given a bialgebra F and a left F-module
and F-comodule X in C, for the 2-cells i.e. morphisms ψ, φ and λα we may take the
following:
ψ =
F X☛✟
P
X F
, φ =
X F
✏
✡✠
F X
, λα =
F F☛✟
α
✡✠
F F
Then Bimnd(C)(F, F) = F
F
YD(C) coincides with the well-known monoidal category
of Yetter-Drinfel‘d modules in C, see for example [2, 11]. For α, β ∈ G(F) it is X ∈
BimndT(F, F)(α,β) when the following holds:
F X F
ψ
λβ
φ
F X F
=
F X F☛✟
P ☛✟
β
✡✠
✏
✡✠
F X F
=
F X F
✏
✡✠☛✟
α
✡✠☛✟
P
F X F
=
F X F
φ
λα
ψ
F X F.
Example 4.12 Applying to the last identity in the above Example FXηF from above and
FXεF from below one gets (40). If the braiding of C is symmetric when acting between F
andX and between F and F (that is, if on these objects the braiding fulfills = ),
then it can be shown that (40) is equivalent to (41).
F X☛✟
P
β
✏
✡✠
F X
=
F X☛✟✏
α
✡✠P
F X
(40)
F X
P
✏
F X
=
F X☛✟
☛✟✏
α β−1
✡✠P
✡✠
F X
(41)
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Then for α = idF the equation (41) is precisely the identity (4.9) from [10]. Therein F
is a Hopf algebra in C, hence β−1 = Sβ, where S is the antipode of F, and the braiding
satisfies the above symmetricity conditions. In [10] we constructed an object Fβ which
satisfies (41) with X = Fβ (and α = idF) and we proved that there is an anti-group
homomorphism Aut(F) −→ BQ(C; F), β 7→ End(Fβ) from the Hopf automorphism group
to the quantumBrauer group of F. This generalizes an anti-group homomorphism from
[4] constructed in vector spaces, and the other results we developed in [10] generalized
to braided monoidal categories the ones from [21].
Example 4.13 In the particular casewhen the braidedmonoidal categoryC fromExam-
ple 4.11 is the category of vector spaces over a field k, bimonads inC are bialgebras over
k and the underlying 2-category of the Turaev 2-category is the monoidal category of
the classical Yetter-Drinfel‘d modules over k. Our Turaev 2-category BimndT(C) recov-
ers the Turaev category consisting of generalized Yetter-Drinfel‘d modules constructed
in [16].
Example 4.14 As indicated in [16], in the context of the latter example, when F is a
Hopf algebra over k and (α, β) = (S2, idH), where S is the antipode of H, a generalized
(α, β)-Yetter-Drinfeld module is an anti-Yetter-Drinfeld module introduced in [12, 13].
Anti-Yetter-Drinfeldmodules emerged as coefficients for the cyclic cohomology ofHopf
algebras, which was introduced by Connes and Moscovici in [5].
4.4 Pairs in involution
Let (A, F) and (A′, F ′) be bimonads in K . The identity 1-cell IdA is trivially a monad
and a comonad and we can consider the monads of the 2-cells F −→ IdA and IdA −→ F
in K , which are indeed convolution algebras in the monoidal category K(A,A). We
will denote by ∗ the convolution product. Let (IdA, f ) : (A, F
′) −→ (A, IdA) be a 1-cell
in Mnd(K) and (IdA, g) : (A, IdA) −→ (A, F
′) a 1-cell in Comnd(K), so that f and g are
convolution invertible in their respective convolution algebras inK(A,A). Recall that
the former mean that f satisfies (9) and g satisfies (10).
Suppose that G  G′, take α ∈ G′, β ∈ G and set β˜ := jβ j−1 ∈ G(F ′). We say that ( f , g)
is a pair in involution corresponding to (α, β) if
α = g−1 f ∗ β˜ ∗ g f−1 ⇔ α ∗ g−1 f = g−1 f ∗ β˜ ⇔ g f−1 ∗ α = β˜ ∗ g f−1
holds. In string diagrams these conditions look as follows:
F ′✎ ☞
❤f ☛✟
β ♠f−1
♠g−1
✡✠ ❤g
✍ ✌
F ′
⇔
F ′✎ ☞
❤f
α
♠g−1
✍ ✌
F ′
⇔
F ′✎ ☞
❤f
β
♠g−1
✍ ✌
F ′
The following is obvious:
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Lemma 4.15 Being ε and η the counit and the unit 2-cells of a bimonad F inK , the pair (ε, η)
is a pair in involution corresponding to (α, α) for every α ∈ G.
The above definition is a 2-categorical analogy of the concept of modular pair in
involution due to Connes and Moscovici.
Lemma 4.16 Let (A, F) be amonad and a comonad, (F, τF,F) a 1-cell inMnd(K) andComnd(K)
and let α ∈ Aut0(F). Then (F, λα), with λα defined by
λα =
F F✎ ☞
α τF,F
✍ ✌
F F
(42)
is a 1-cell both inMnd(K) and Comnd(K) satisfying (16).
Proof. We observed in [8] that (F, λe) is a 1-cell both in Mnd(K) and Comnd(K), here
e = idF. The proof of the claim for general α is direct.
Assuming that for all α ∈ G′ the 2-cells λ′α are of the form (42), we have the following
identities (where β ∈ G and β˜ ∈ G′ are as above):
F ′ F ′
❤g
✡✠
λ′
β˜☛✟
♠f−1
F ′ F ′
=
F ′ F ′
❤g
✎ ☞✡✠
β˜
τF ′ ,F ′
✍ ✌☛✟
♠f−1
F ′ F ′
d.l.
coass.
ass.
=
F ′ F ′✎ ☞
✎ ☞
♠f−1
β˜ τF ′ ,F ′
❤g
✍ ✌
✍ ✌
F ′ F ′
= λ′
β˜ ∗g f−1
(43)
and similarly
F ′ F ′☛✟
❤f
λ′
β˜♠g−1
✡✠
F ′ F ′
=
F ′ F ′✎ ☞
❤f ✎ ☞
β˜ τF ′ ,F ′
♠g−1 ✍ ✌
✍ ✌
F ′ F ′
coass.
ass.
=
F ′ F ′✎ ☞
✎ ☞
❤f
β τF ′ ,F ′
♠g−1
✍ ✌
✍ ✌
F ′ F ′
= λ′
g−1 f ∗β˜
= λ′
α ∗g−1 f
(43)
=
F ′ F ′
♠g−1
✡✠
λ′α☛✟
❤f
F ′ F ′
(44)
Theorem 4.17 Let F and F ′ be bimonads in K with isomorphic 0-automorphism groups G
and G′, respectively, let α ∈ G′, β ∈ G and set β˜ := jβ j−1 ∈ G′. Suppose that ( f , g) is a pair in
involution corresponding to (α, β), then there is an isomorphism of categories
BimndT(Fβ, F
′
α)  Bimnd(F, F
′).
Proof. We define the functors F : BimndT(Fβ, F
′
α) −→ Bimnd(F, F
′) and G : Bimnd(F, F ′)
−→ BimndT(Fβ, F
′
α) as follows. For (X, ψX, φX) ∈ Bimnd
T(Fβ, F
′
α) set F
(
(X, ψX, φX)
)
=
23
(X, ψX, φX), and for for (Y, ψY, φY) ∈ Bimnd(F, F
′) set G
(
(Y, ψY, φY)
)
= (Y, ψ
Y
, φ
Y
), where
X = X,Y = Y and ψX, φX, ψY
and φ
Y
are given as below:
ψX =
F ′ X
β˜−1✎ ☞
♠f−1 ψX
β
X F
, φX =
X F
❤g φX
✡✠
F ′ X
, ψ
Y
=
F ′ Y☛✟
❤f β˜
ψY
β−1
Y F
, φ
Y
=
Y F
♠g−1 φY
✡✠
F ′ Y
.
Once we prove that the functors F and G are well-defined it is easily seen that they
are inverse of each other. Take (X, ψX, φX) ∈ Bimnd
T(Fβ, F
′
α), let us prove the strong
Yetter-Drinfel‘d condition for (X, ψX, φX):
F ′ X F
ψX
λ
φX
F ′ X F
=
F ′ X F
β˜−1✎ ☞
♠f−1 ψX
β
λ
❤g φX
✡✠
F ′ X F
(25)
=
F ′ X F
β˜−1✎ ☞
♠f−1 ψX
λβ
β
❤g φX
✡✠
F ′ X F
(18)
=
F ′ X F
β˜−1✎ ☞
φX
♠f−1 λ′α❤g ψX
✡✠ β
F ′ X F
∗
=
F ′ X F
❤g φX
✡✠
λ′
β˜−1✎ ☞
♠f−1 ψX
β
F ′ X F
=
F ′ X F
φ
X
λ′
ψ
X
F ′ X F
the equality ∗ holds if and only if the following holds true (compose the equality ∗ from
above with β˜ × idXF and from below with idF ′X ×β
−1, and then multiply the obtained
expression from the left in the convolution algebra of 2-cells F ′ −→ F ′ by g−1 f ):
F ′ X F
φX
λ′α
ψX
F ′ X F
=
F ′ X F☛✟
❤f β˜ ❤g φX
✡✠
λ′
♠g−1 β˜−1
✡✠✎ ☞
♠f−1 ψX
F ′ X F
This is true because
F ′ F☛✟
❤f β˜ ❤g
✡✠
λ′
♠g−1 β˜−1
✡✠✎ ☞
♠f−1
F ′ F
=
F ′ F ′☛✟❤g
❤f ✡✠
λ′
β˜♠g−1 ☛✟
✡✠♠f−1
F ′ F ′
(43)
=
F ′ F ′☛✟
❤f
λ′
β˜ ∗g f−1♠g−1
✡✠
F ′ F ′
(44)
= λ′
g−1 f ∗β˜ ∗g f−1
= λ′α
It remains to see that given (Y, ψY, φY) ∈ Bimnd(F, F
′) the object G
(
(Y, ψY, φY)
)
=
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(Y, ψ
Y
, φ
Y
) satisfies condition (18). We find:
F ′ Y F
ψ
Y
λβ
φ
Y
F ′ Y F
=
F ′ Y F☛✟
❤f β˜
ψY
β−1
λβ
♠g−1 φY
✍ ✌
F ′ Y F
(26)
=
F ′ Y F☛✟
❤f β˜
ψY
λ
β−1
♠g−1 φY
✡✠
F ′ Y F
YD
=
F ′ Y F☛✟
❤f β˜ φY
λ′
ψY
♠g−1 β−1
✡✠
F ′ Y F
(26)
=
F ′ Y F☛✟
φY
❤f λ′β˜
β˜
♠g−1 ψY
✡✠ β−1
F ′ Y F
(44)
=
F ′ Y F
♠g−1 φY
✡✠
λ′α☛✟
❤f β˜
ψY
β−1
F ′ Y F
=
F ′ Y F
φ
Y
λ′
ψ
Y
F ′ Y F
In view of Lemma 4.15 we clearly have:
Corollary 4.18 For every bimonad F in K and every α ∈ G there is an isomorphism of
categories BimndT(α,α)(F, F)  Bimnd(F, F).
The proof of the following result is direct.
Proposition 4.19 Let (A, F), (A′, F ′) be bimonads in K with isomorphic 0-automorphism
groups G and G′, respectively. Let X be a 1-cell in K so that there is a 1-cell (X, τF,X) : (A, F)
−→ (A′, F ′) in Mnd(K) and a 1-cell (X, τX,F) : (A, F) −→ (A
′, F ′) in Comnd(K), so that
τX,F ◦ τF,X = i fFX and
F′ X F
τX,F
τF′,F′
τF,X
F′ X F
=
F′ X F
τF,X
τF,F
τX,F
F′ X F
(45)
hold. Take α ∈ G′, β ∈ G and suppose there is a pair in involution ( f , g) corresponding to (α, β)
so that the following conditions hold:
F′ X
β˜
τF,X
X F
=
F′ X
τF,X
β˜
X F
(46)
F′
♠g−1
τF ′ ,F ′
F ′ F ′
=
F′
♠g−1
F ′ F ′
(47)
F′ F′
τF ′ ,F ′
❤f
F ′
=
F′ F′
❤f
F ′
(48)
Then (X, ψ, φ) ∈ BimndT(Fβ, F
′
α) where ψ and φ are given by
ψ =
F ′ X☛✟
❤f τF,X
X F
φ =
X F
♠g−1 τX,F
✡✠
F ′ X.
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The above Theorem, Corollary and Proposition generalize to the 2-categorical set-
ting Theorem 4.1, Corollary 4.2 and Example 2.7, respectively, from [16].
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